Sheehan conjectured in 1975 that every Hamiltonian regular simple graph of even degree at least four contains a second Hamiltonian cycle. We prove that most claw-free Hamiltonian graphs with minimum degree at least 3 have a second Hamiltonian cycle and describe the structure of those graphs not covered by our result. By this result, we show that Sheehan's conjecture holds for claw-free graphs whose order is not divisible by 6. In addition, we believe that the structure that we introduce can be useful for further studies on claw-free graphs.
Introduction
All graphs in this paper are assumed to be simple without loops or multi-edges. We use the notation of [2] .
In [11] , Cedric Smith proved that every edge of a 3-regular graph appears in an even number of Hamiltonian cycles, thereby implying that a Hamiltonian 3-regular graph contains a second Hamiltonian cycle. This result was later extended by Thomason in [9] to Hamiltonian d-regular graphs for all odd d. More generally, Thomason proved the following.
Theorem 1 ([9]
). If every vertex has odd degree, then there are an even number of Hamiltonian cycles through any edge.
Sheehan (see [8] and [2, page 590, problem 83]) conjectured that regular Hamiltonian graphs of even degree at least four are also not uniquely Hamiltonian.
Conjecture 1 (Sheehan's Conjecture [8] ). If G is a Hamiltonian regular graph with even degree d ≥ 4, then G contains a second Hamiltonian cycle.
In fact, Sheehan [8] only conjectured this result in the case when d = 4. If one can prove the conjecture in 4-regular graphs, then it can be easily deduced for all larger even degrees using Petersen's Theorem [7] . Thus, Conjecture 1 can be restated as follows.
Conjecture 2.
If G is a Hamiltonian 4-regular graph, then G contains a second Hamiltonian cycle.
Thomassen [10] showed Conjecture 1 holds for d > 72. This was later improved by Ghandehari and Hatami [5] who proved the conjecture for d > 48. The best known progress is due to Haxell, Seamone, and Verstraete [6] , who settled the conjecture for degree d > 22. It should also be noted that related results were proven in [3] and [4] where constructions were provided of graphs with minimum degree 3 having no third Hamiltonian cycle and graphs with minimum degree 4 having no second Hamiltonian cycle respectively.
Recall that a graph containing no copy of a particular graph H as an induced subgraph is called H-free and the complete bipartite graph K 1,3 is referred to as a claw . Thus, a graph is called claw-free if it does not contain K 1,3 as an induced subgraph. In this work we study Sheehan's Conjecture 2 in claw-free graphs.
The Second Hamiltonian Cycle problem in claw-free graphs appears to be non-trivial and has been considered in previous literature. Bielak [1] showed that every Hamiltonian clawfree graph with minimum degree at least 3 contains an edge whose deletion and contraction each yield a Hamiltonian graph.
This result is quite relevant to the second Hamiltonian problem in claw-free graphs. However, to the best of our knowledge, no one claims to prove the existence of a second Hamiltonian cycle in claw-free graphs with minimum degree at least 3.
In this paper, we take a step toward a solution and prove the existence of the second Hamiltonian cycle in a large subset of the claw-free graphs with minimum degree at least 3.
To state the result, we need some definitions.
By a sun, we mean a cycle C = C n with the addition of n vertices called peaks each adjacent to a different pair of consecutive vertices of C. The vertices of C are then called the valleys of the sun. If some of the peaks are removed, with the restriction that no two consecutive peaks are removed, we call this a weak sun. A sun (or more generally a weak sun) is said to have extra edges if edges are added between peaks so that the subgraph induced on the peaks is a collection of disjoint cliques.
We can point to the following theorem as our main contribution. In this theorem we exclude weak suns with extra edges and say that all other Hamiltonian claw-free graphs with the minimum degree at least 3 contains a second Hamiltonian cycle. We prove this theorem in Section 2. In the rest of Section 2 we use Theorem 3 and show that every claw-free graph G with δ(G) ≥ 3 containing a Hamiltonian cycle C with at least two consecutive vertices each with degree at least 5 contains another Hamiltonian cycle. In addition, in support of Conjecture 2, we show that if G is a 4-regular, Hamiltonian, claw-free graph of order n, then either G contains a second Hamiltonian cycle or 6|n and G is a sun with extra edges inducing triangles.
Existence of the second Hamiltonian cycle
In this section, first we provide the proof of Theorem 3. After that, we show some immediate applications and results of this theorem in Corollaries 4 and 5.
Proof. (of Theorem 3) Given a cycle C with a notion of direction and a vertex v ∈ C, let v − and v + denote the predecessor and successor of v on C respectively. Define a hop over v (or simply hop) to be the edge of the form v − v + . Let C be a Hamiltonian cycle of G and let e = uv be a chord of C that is not a hop. Such a chord must exist since every vertex is incident to at least one chord and if two hops overlap, we can easily find a second Hamiltonian cycle.
First suppose there is no hop over u. Since G is claw-free, one of vu + or vu − must be an edge; without loss of generality, suppose the former. If v − v + is an edge, then the cycle
Hamiltonian cycle that is different from C as desired. Thus, there is no hop over v. Since G is claw-free, one of uv + or uv − must be an edge. If Figure 1 . In particular, note that this process creates precisely two vertices, w and x, with hops. Since w must have degree at least 3, there must be at least one more edge out of w, say to a vertex z. If the edge wz is a hop, then this edge, along with the hop over w, easily allows us to build a second Hamiltonian cycle. Now suppose wz is not a hop. If z = x, then a second Hamiltonian cycle is trivial to create using the chords drawn in Figure 1 . This means we may assume z is elsewhere on C, say for example z = u. There must be no claw at z but also there is no hop over z as observed previously. This means that one of wz + or wz − must be an edge, suppose the former. Then the cycle C ′ = wz + − C − w − w + − C − zw is a Hamiltonian cycle that is different from C as desired.
This implies that there must be a hop over both ends of every chord that is not a hop. Since there can be no hop over an end-vertex of a hop as then a second Hamiltonian cycle would be trivial to find, this means that G must be a weak sun with extra edges. It remains to show that these extra edges indeed induce cliques. Suppose not, that is, suppose there is a vertex u with two incident non-hop chords, say to vertices v and w, such that vw / ∈ E(G). Note that u, v and w must all have hops over them. Then the claw centered at u with edges to u + , v and w is induced, for a contradiction, completing the proof of Theorem 3.
If a Hamiltonian, claw-free graph G has δ(G) ≥ 3 and no second Hamiltonian cycle, then Theorem 3 states that G is a weak sun with extra edges. Such a graph contains a canonical Hamiltonian cycle C 0 consisting of the valleys in order with the addition of each peak vertex in between its neighboring valleys. Since valley vertices have degree at most 4, if C is a Hamiltonian cycle containing two consecutive vertices of degree at least 5, then C is not canonical so C = C 0 . This means that C is a second Hamiltonian cycle, which yields the following corollary. If G is a Hamiltonian, claw-free graph with δ(G) ≥ 3 and no second Hamiltonian cycle, then Theorem 3 says that G must be a weak sun with extra edges. If δ(G) ≥ 4, the valley vertices must each be adjacent to two peaks, meaning that G must actually be a sun with extra edges. Thus, if G is 4-regular, since the extra edges induce cliques but the peaks already have degree 2, the extra edges must induce triangles. This yields the following corollary.
Corollary 5. If G is a 4-regular, Hamiltonian, claw-free graph of order n, then either G contains a second Hamiltonian cycle (in support of Conjecture 2) or 6|n and G is a sun with extra edges inducing triangles.
